The present study investigated the effects of variable viscosity and thermal conductivity on a two-dimensional steady laminar magnetohydrodynamic (MHD) free convective boundary layer flow of a dusty fluid over a vertical porous flat plate with viscous dissipation, Joule heating, and heat generation/absorption. Governing partial differential equations of motion were reduced to a system of ordinary differential equations using similarity transformations. The resulting boundary value problem was then solved numerically using the shooting technique. Velocity, temperature, and species concentration profiles of fluid and solid particles were obtained for different flow governing parameters. The results are presented in graphs. We found that viscosity and species concentration decrease and temperature increases with the increasing value of the viscosity variation parameter for both the fluid and dust particles. Quite the opposite phenomenon was seen with the thermal conductivity variation parameter. Finally, the skin friction coefficient, Nusselt number, and Sherwood number are presented in tables for various flow governing parameters.
Introduction
Dusty fluid flows are concerned with the motion of liquid or gas containing immiscible inert solid particles. Common examples of dusty fluid systems include blood flow in arteries, flows in rocket tubes, gas cooling systems to enhance the heat transfer process, movement of inert solid particles in the atmosphere and other suspended particles in seas and oceans.
Flow of dusty and electrically conducting fluid along a vertical porous plate in the presence of transverse magnetic field is very important as it has many practical applications in different areas such as applications in gas cooling systems, centrifugal separation of matter from fluid, several manufacturing processes in industries like extrusion of plastic sheets, steel manufacturing industry, glass fiber, and paper production. Moreover, it is used in metal spinning, the cooling of metallic plates in a cooling bath, polymer technology, powder technology, paint spraying, blood rheology, etc.
Thus, the study of these problems is mathematically interesting and useful for modelling the physical phenomena to address complex issues related to fluid flow characteristics.
Saffman [1] carried out pioneering work on the stability of laminar flow of a dusty gas, describing the fluid-particle system and deriving the motion of gas equations carrying the dust particles. Boundary layer flow of a dusty fluid over a semiinfinite flat plate has been analyzed by Datta and Mishra [2] . The phenomenon of the flow of dusty fluid and heat transfer in the boundary layer has been studied by a number of authors such as Asmolov and Manuilovich [3] , Palani and Ganesan [4] , Agranat [5] , and Vajravelu and Nayfeh [6] .
Gireesha et al. [7] analyzed the boundary layer flow and heat transfer of dusty fluid over a stretching sheet with nonuniform heat source/sink. They reported that temperature-dependent heat sinks are better suited for cooling purposes. Gireesha et al . [8, 9] also discussed the boundary layer flow and heat transfer of a dusty fluid over a stretching sheet with viscous dissipation for both steady and unsteady flows. Kishan and Deepa [10] analyzed the effect of viscous dissipation on stagnation point flow and heat transfer of a micropolar fluid with uniform suction/blowing. The effect of viscous dissipation on laminar mixed convection fluid in a vertical double passage channel was studied by Gaikwad and Rahuldev [11] . Investigations on the effects of variable viscosity and thermal conductivity on convective heat transfer in a dusty fluid over a vertical permeable surface with radiation and viscous dissipation were conducted by Hazarika [12] .
In the aforementioned studies, the effects of physical properties were assumed as constant. However, it is known from the work of Herwig and Wicken [13] that these properties may change with temperature changes. When the effects of variable viscosity and thermal conductivity are taken into account, flow characteristics are significantly changed compared with the constant property case. In the present study an attempt was made to study the combined effects of variable viscosity and variable thermal conductivity on free convection flow of dusty fluid along a vertical porous plate embedded in a porous medium with magnetic field and heat generation. Following Lai and Kulacki [14] and Choudhury and Hazarika [15] , the fluid viscosity and thermal conductivity were assumed to vary as inverse linear functions of temperature.
The governing boundary layer equations were transformed into ordinary differential equations using suitable similarity transformations. Numerical solutions of these ordinary differential equations with the prescribed boundary conditions were obtained using the fourth order Runge-Kutta shooting technique. The effects of various parameters on these solutions are discussed and illustrated through a set of figures and tables.
Mathematical analysis
Consider a steady two-dimensional laminar boundary layer flow of an incompressible viscous electrically conducting dusty fluid along a vertical stretching permeable sheet in porous medium. The sheet is coinciding with the plane y = 0, with the flow being confined to y > 0. Two equal and opposite forces are applied along the x-axis, so that the sheet is stretched, keeping the origin fixed. A transverse uniform magnetic field of strength B 0 is applied in the y -direction as shown in Figure 1 . The analysis is based on the following assumptions:
• Viscous dissipation, Joule heating, and heat generation are taken into account.
• Physical properties are assumed as constant except for the fluid viscosity and thermal conductivity.
• The magnetic Reynolds number is assumed to be small so that the induced magnetic field is negligible.
• Dust particles are assumed to be electrically nonconductive, spherical in shape, having the same radius and mass, and undeformable.
• The number density of dust particles is taken as constant throughout the flow.
Using the above assumptions together with the usual boundary layer approximations and following Vajravelu and Nayfeh [6] , we get the equations of motion as follows: 
For the dust phase:
Momentum equations:
Energy equation:
Species concentration equation:
where ( u, v) and ( u p , v p ) are the velocity components of fluid and dust particle phases along the x and y directions, respectively. µ, ρ, ρ p and N are the coefficient of viscosity of the fluid, density of the fluid, density of the particle phase, and the number density of the particle phase, respectively. K is the Stokes' resistance (drag coefficient), m is the mass of the dust particle, g is the acceleration due to gravity, and β * is the volumetric coefficient of thermal expansion. T and T p are the temperatures of the fluid and dust particles inside the boundary layer, respectively. T ∞ and T p∞ are the temperatures of fluid and dust particles in the free-stream, respectively. ⃗ J is the electric current density, σ is the electrical conductivity, k is the Darcy permeability constant, cis the stretching rate, c p and c m are the specific heats of fluid and dust particles at constant pressure, respectively, τ T is the thermal equilibrium time (the time required by the dust cloud to adjust its temperature to the fluid), τ v is the relaxation time of the dust particle (time required by a dust particle to adjust its velocity relative to the fluid), λ is the thermal conductivity of the fluid, Q 0 is the volumetric rate of heat generation, C and C p are the concentrations of the fluid and dust phase within the boundary layer, respectively. D 1 and D 2 are the coefficients of mass diffusivity of the fluid and dust particles, respectively.
The boundary conditions are:
At y = 0 :
As y → ∞ :
where c > 0 is the stretching rate, v w (x) represents the permeability of the porous surface, and ω is the density ratio. A, B, and E are positive constants and l = √ υ∞ c is the characteristic length. C pw and C p∞ are the species concentrations of dust particles at the surface of the plate and sufficiently far away from the flat surface, respectively.
Method of solution
To convert the governing equations into a set of similarity equations, we introduce the following transformations:
where υ ∞ is the kinematic viscosity of the fluid in the free stream, and ρ r = ρp ρ is the relative density. The prime ( ′ ) denotes the derivative with respect to η .
The viscosity of the fluid is assumed to be an inverse linear function of temperature, and it can be expressed, following Lai and Kulacki [14] , in this way:
Moreover, the thermal conductivity of the fluid varies with temperature. Following Choudhury and Hazarika [15] , we assumed the thermal conductivity of the fluid as: 
Tc−T∞
Tw−T∞ is the dimensionless reference temperature corresponding to thermal conductivity, called the thermal conductivity variation parameter. It is also important to note that θ r and θ c are negative for liquids and positive for gases [16] .
Using these two parameters in Eqs. (3.2) and (3.3), we can write the coefficient of viscosity and thermal conductivity as follows:
2)-(2.9), we get:
where the dimensionless parameters are defined as follows:
l* = mN/ ρ is the mass concentration, τ = m/K is the relaxation time of particle phase, β = l/cτ is the fluid particle interaction parameter,
is the Grashof number,
ρc is the magnetic field parameter, Da = 
Governing Eqs. (3.5)-(3.13) are solved numerically using the fourth order Runge-Kutta method with the shooting technique.
The skin friction coefficient ( C f ), Nusselt number (Nu), and Sherwood number (Sh) are the parameters of physical and engineering interest, defined as follows:
The skin friction coefficient is defined as:
, where
is the shearing stress.
Using the nondimensional variables, we finally get the skin friction coefficient as:
The local Nusselt number is defined as:
is the heat transfer from the sheet.
Using the nondimensional variables, we get:
The local Sherwood number is defined as:
is the mass flux at the surface and Dm ∞ is the diffusion coefficient at free stream.
Using the nondimensional variables we get the following:
Results and discussion
The boundary value problem (3.5-3.13) was solved using the fourth order Runge-Kutta shooting method. Com- for increasing values of the viscosity variation parameter θ r , velocity, and species concentration decrease for both the fluid and dust phases, whereas temperature increases. This is expected because in a gas, viscosity increases with increasing temperature. Figures 5-7 show that an increase in the thermal conductivity variation parameter θ c leads to increases in the velocity and species concentration profiles for both the fluid and dust phases, while the opposite happens with the temperature profiles for both phases. This is expected because thermal conductivity is an inverse linear function of temperature. Velocity profiles, temperature profiles, and concentration profiles for different values of the magnetic parameter M are presented in Figures 8-10 . Figure 8 shows that fluid velocity considerably decreased with the increasing values of M due to the effect of Lorentz force, for which one resistive term appears in the momentum equations and a Joule dissipation term appears in the energy equation. Clearly the transverse magnetic field opposes fluid velocity. Notice that the velocity of the dust particle phase also decreases with increasing values of M , although solid particles are electrically nonconductive. This is expected because fluid velocity is the source of dust particle velocity. Figure 9 depicts the temperature profiles for different values of the magnetic parameter M . Analysis of the graph shows that the effect of increasing values of M is to enhance the temperature, tending asymptotically to zero as the distance increases from the boundary for both the fluid and dust phases. This is due to the fact that Joule dissipation increases as magnetic parameter M increases. We infer from Figure 10 that species concentration increases with increasing values of M . Θ p , and species concentrations ϕ and ϕ p , respectively. Since Pr is the ratio of boundary layer velocity to thermal boundary layer velocity, boundary layer velocity and thermal boundary layer velocity coincide when Pr = 1. When Pr < 1, it means that heat diffuses very quickly compared with velocity, hence velocity and temperature decrease with the increase of Pr, but species concentration increases under the same condition.
Velocity, temperature, and species concentration profiles for different values of heat generating parameter Q are plotted for both the fluid and dust phase in Figures 14-16 . It is observed from Figure 14 that velocity profiles increase with the increase of the heat generating parameter Q. It is due to the fact that when heat is generated, the buoyancy force increases, which induces the flow rate to increase, giving rise to an increase in the velocity profiles for both fluid and dust phases. From Figure 15 it is seen that when the value of the heat generation parameter Q increases, the temperature distribution also increases significantly, while species concentration decreases. Figures 17-19 illustrate the variations of velocity, temperature, and species concentration profiles for various values of the fluid particle interaction parameter β . It is clearly observed from these figures that velocity increases with the increase of β , but temperature and species concentration profiles decrease for both the fluid and dust phases.
Figures 20-22 depict the velocity, temperature, and species concentration profiles for different values of the number density parameter N . As N increases, velocity and temperature profiles for both the fluid and dust phases decrease, while species concentration increases.
Tables 1-10 demonstrate the effects of various parameters on the skin friction coefficient C f , representing plate shearing stress, the rate of heat transfer from the plate to the fluid in terms of the Nusselt number N u , and the rate of mass transfer in terms of the Sherwood number Sh . From these tables it is observed that the skin friction coefficient C f decreases with increasing values of the thermal conductivity parameter θ c , the magnetic parameter M , Prandtl number Pr, Eckert number Ec, and the number density parameter N . However, it increases with the increase of the viscosity parameter θ r and the fluid particle interaction parameter β . Physically negative values of C f mean that the surface exerts a drag force on the fluid so that stretching the surface will induce the flow. M→ 0.5 1 Pr→ 0.5 0.75 Pr→ 0.5 0.75 Table 9 . Effects of Θr and β on the local skin friction coefficient ( C f ) , local Nusselt number ( N u) , and local Sherwood number ( Sh) . Table 10 . Effects of Θc and β on the local skin friction coefficient ( C f ) , local Nusselt number ( N u) , and local Sherwood number ( Sh) . Furthermore, it is seen that the values of the Nusselt number (Nu) increase with increasing values of the thermal conductivity parameter θ c , Prandtl number Pr, Eckert number Ec, the number density parameter N , and the fluid particle interaction parameter β , while it decreases with increases in the viscosity parameter θ r and magnetic parameter M .
From these tables we observed that the Sherwood number (Sh) increases with the increasing values of the viscosity variation parameter θ r , thermal conductivity variation parameter θ c , magnetic parameter M , Prandtl number Pr, Eckert number Ec, and the number density parameter N . However, it decreases with increasing values of the fluid particle interaction parameter β .
Conclusion
Based on the results of the present study, the following observations were made:
(1) The motion of both the fluid and dust phase is retarded under the application of a transverse magnetic field due to Lorentz force.
(2) The velocity of the fluid and dust phase decreases with increases in the viscosity variation parameter (θ r ), Prandtl number (Pr ), and the number density of the fluid particle (N ) . However, it increases with increases in the thermal conductivity variation parameter (θ c ), fluid particle interaction parameter (β), and heat generating parameter (Q).
(3) The temperature increases with increasing viscosity variation parameter (θ r ), heat generating parameter (Q), and magnetic field, while it decreases as thermal conductivity , Pr, β , and N increase.
(4) Species concentration decreases with increasing values of the viscosity variation parameter (θ c ) and the heat generating parameter for both the fluid and dust phases.
(5) The effect of increasing the thermal conductivity variation parameter (θ c ), the magnetic field, Pr and N is to increase the species concentration.
(6) The velocity and temperature of the fluid phase are higher than those of the dust phase.
(7) The wall shear stress of fluid decreases with increases in the thermal conductivity, viscosity, magnetic field, viscous dissipation, and the number density of dust particle.
(8) The rate of heat transfer increases with increasing viscous dissipation, thermal conductivity, and Pr. However, it decreases with increasing values of viscosity and magnetic field.
(9) The rate of mass transfer at the plate is considerably increased due to increasing viscosity, thermal conductivity, and magnetic field, while it decreases with increases in the fluid particle interaction parameter. (u, v) are the velocity components of the fluid, (u p , v p ) are the velocity components of dust phase, ρ is the density of the fluid, µ is the coefficient of dynamic viscosity, µ ∞ is the coefficient of dynamic viscosity of the ambient fluid, υ ∞ is the kinematic viscosity of the fluid in the free stream, ρ p is the density of the particle phase, N is the number density of the particle phase, K is the Stokes' resistance (drag coefficient), m is the mass of the dust particle, g is the acceleration due to gravity, β * is the volumetric coefficient of thermal expansion, β * * is the volumetric coefficient of concentration expansion, T is the temperature of the fluid inside the boundary layer, T ∞ is the temperature of the fluid at free stream, T p is the temperature of the dust particles inside the boundary layer, T p∞ is the temperature of the dust particles in the free-stream, C pw and C p∞ are the species concentration of dust particles at the surface of the plate and sufficiently far away from the flat surface respectively, ω is the density ratio, σ is the electrical conductivity, c is the stretching rate, l is the characteristic length, c p is the specific heat of fluid at constant pressure, c m is the specific heat of dust particles at constant pressure, τ T is the thermal equilibrium time and is the time required by the dust cloud to adjust its temperature to the fluid, τ v is the relaxation time of the dust particle, i.e. the time required by a dust particle to adjust its velocity relative to the fluid, λ is the thermal conductivity of the fluid, λ ∞ is the thermal conductivity of the ambient fluid, C is the species concentration of the fluid, C p is the concentration of the dust phase within the boundary layer, D 1 is the coefficient of mass diffusivity of the fluid, D 2 is the coefficient of mass diffusivity of dust phase, θ r is the viscosity variation parameter, θ c is the thermal conductivity variation parameter, l * is the mass concentration, τ is the relaxation time of particle phase, β is the fluid particle interaction parameter, 
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